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ABSTRACT

We advance theoretically and verify experimentally a protocol for generating arrays of self-similar light beams with the aid of almost periodic
structures (APSs), which we refer to as pure amplitude 2N-gonal APSs. We illustrate our general results by realizing a circular array of exact
replicas of a Laguerre–Gaussian source beam and registering good agreement between the theory and experiment. Our work carries promise
for optical communications, optical tweezing, multi-particle trapping, screening, and micro-manipulation.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0197721

Optical vortices (OVs) are topologically nontrivial light beams
carrying the orbital angular momentum.1,2 They have important appli-
cations to optical tweezing, optical communications, quantum infor-
mation, and condensed matter physics among others.3–8

Optical vortex arrays (OVAs) are arrays of OVs that have found
applications to cold atom trapping, microfluidic sorting, and photonic
crystal engineering.9,10 OVAs have also attracted a lot of interest in the
context of micro-mechanical pump manipulation, orbital angular
momenutm mode multiplexing, and quantum information
processing.2

OVAs can be generated by a variety of techniques. One
approach is based on the far-field diffraction of a plane wave or a
Gaussian beam by a pure phase 2D orthogonal periodic structure
with a phase singularity.6,11 Another method is based on the near-
field diffraction of a vortex beam by a pure amplitude 2D orthogonal
periodic structure.12–14 Diffraction from a phase mask, often encoded
onto a liquid-crystal spatial light modulator (SLM), has been
employed to generate arrays of vortex beams in various configura-
tions.15–22 In principle, phase holograms,23–27 Dammann gratings,28

direct shaping with axicon29 or spiral phase arrays,30,31 or combina-
tions thereof can be used to generate vortex arrays (lattices). In addi-
tion, the generation of optical vortex arrays by multiplexing
metasurface design is introduced in Ref. 32. All these methods, in
principle, enable great flexibility and a wide selection of periodic

vortex arrangements. Yet, the majority of OVA generating techniques
suffer from multiple drawbacks, including low-efficiency, complexity,
cost, or lack of flexibility and scalability.

In this Letter, we propose a general protocol to generate arrays of
any self-similar beams with the help of almost periodic structures (APSs).
We implement our protocol to realize an annular array of Laguerre–
Gaussian (LG) beams, which carry optical vortices, by employing APSs
with the spatial spectra composed of impulses at the center and the cor-
ners of a regular 2N-sided polygon. We demonstrate that our method
can produce versatile optical vortex arrays of variable topological charges,
sizes, and field patterns. We stress that our approach works for any
shape-invariant (self-similar) beams on free space propagation, and it is
complementary to a recently advanced random beam array generation
protocol9 relying on optical coherence lattices.10,33,34

We note that by employing an LG beam instead of a Gaussian as
in our previous work (Ref. 35), we can enable the angular rotation of
trapped particles around the axis of each LG beam. It follows that we
can, in principle, simultaneously rotate a set of trapped particles
around the array axis and the particle axes (spinning), as well as
around the individual array element axes. Thus, a set of spinning par-
ticles will orbit along small circles with the radii equal to the widths of
the generated LG beams, with the beam axes being equally spaced on a
larger circle. At the same time, the particles will orbit around the center
of a large array circle.
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According to the general theory of diffraction,36,37 the trans-
mittance function of an APS can be expressed in a generic vector
form as

tAPSðrÞ ¼
X1
n¼0

tne
ikn�r; (1)

where r ¼ ðx; yÞ ¼ ðr cosu; r sinuÞ is the position vector in trans-
verse plane, kn represents the wavevector of a plane wave associated
with the nth harmonic Fourier component of the APS transmittance
function, and tn is a Fourier coefficient. The power Pn of the nth dif-
fraction order past the structure is related to the power Pin of the inci-
dent light beam as11

Pn
Pin

¼ jtnj2: (2)

Summing over n on both sides of Eq. (2) and taking into account
energy conservation yields

Ptr
Pin

¼
X1
n¼0

jtnj2; (3)

where Ptr ¼
P1

n¼0 Pn is a total transmitted power. It follows at once
from Eqs. (2) and (3) that

Pn
Ptr

¼ jtnj2X1
n¼0

jtnj2
; (4)

and the ratio of the transmitted power within the nth diffraction order
to the total transmitted power is completely determined by the set
ftng.

As an example of APSs, we consider a pure amplitude octagonal
APS described in Appendix A of Ref. 37 and in Ref. 35. This APS has
impulses at the center and vertices of an octagon in the spectral
domain. By the same token, we can create a generalized pure ampli-
tude APS with impulses at the center and vertices of any even-sided
regular polygon (denoted by 2N) in the spectral domain. Henceforth,

we refer to this structure as a pure amplitude 2N-gonal APS; its trans-
mission function reads

t2NðrÞ ¼ 1
2
þ 1
2N

XN
n¼1

cos ðkn � rÞ: (5)

Here, kn ¼ ð2p� cos hn; 2p� sin hnÞ, where hn ¼ pðn� 1Þ=N and �
is a fundamental (spatial) frequency of the structure. Although the
structure defined by Eq. (5) is not generally periodic, we can establish a
characteristic length, defined asK ¼ 1=�, which serves as a fundamen-
tal period of the structure. To facilitate comparison with the general
form of APSs, Eq. (1), we can rewrite Eq. (5) as follows:

t2NðrÞ ¼ 1
2
þ 1
4N

X2N
n¼1

eikn :r; (6)

where we used kNþm ¼ �km for m ¼ 1; 2;…;N as a result of
hNþm ¼ hm þ p. On comparing Eqs. (6) and (1), we infer that
t0 ¼ 1=2; tn ¼ ð4NÞ�1 for 1 � n � 2N , and tn¼ 0 for n > 2N . The
top row of Fig. 1 shows the transmittance functions of several pure
amplitude 2N-gonal APSs. The bottom row displays spatial spectra
(Fourier transforms) of the transmittance functions of the same APSs,
which have 2N þ 1 impulses each. These impulses include a zero-
order one at the origin, k ¼ 0, and 2N others that are arranged along
the circumference of a circle around the origin in the reciprocal
(Fourier) space. The characteristic length of the structure is
K ¼ ��1 ¼ 10mm. To enhance visibility of the spots, we employ a log-
arithmic color scale.

It follows from Eq. (3) that Ptr=Pin ¼ ð2N þ 1Þ=8N . In Fig. 2, we
exhibit a ratio of the transmitted to incident power for several pure
amplitude 2N-gonal APS in the left column. It is evident that as N
increases, the transmitted power decreases and approaches 25% of the
incident power. We denote the power of the zero diffraction order at the
origin in Fig. 1 as P0, and the total power of the impulses on the circum-
ference of the circle as Pcircle. We can infer from Eqs. (3)–(5) the fractions
that the zero-order impulse power and that due to the other diffracted
orders make of the total transmitted power: P0=Ptr ¼ 2N=ð2N þ 1Þ

FIG. 1. Top row: transmittance functions of several pure amplitude 2N-gonal APSs with K¼ 0.1 mm and varied N. Bottom row: the corresponding spatial spectra in a logarith-
mic color scale.
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and Pcircle=Ptr ¼ 1=ð2N þ 1Þ. Moreover, the fractions of the incident
power of the DC impulse and the other impulses are P0=Pin ¼ 1=4 and
Pcircle=Pin ¼ ð8NÞ�1, respectively. We present the power fractions of the
impulses along the circle relative to the transmitted and incident powers,
respectively, in the middle and right columns of Fig. 2.

Let us now consider an arbitrary optical beam transmitted by an
APS structure located in the source plane z¼ 0. The optical field
immediately behind the structure reads

Wðr; 0Þ ¼ uðr; 0ÞtAPSðrÞ; (7)

where uðr; 0Þ is a complex amplitude of the incident beam. The light
field has spatial coherence and illuminates almost the entire surface of
the structure. On subsequent free space propagation, the field in any
transverse plane z ¼ const � 0 is related to that just past the APS by a
Fresnel transform as38

Wðr; zÞ ¼ k
2piz

� �ð
dr0Wðr0; 0Þeikjr�r0 j2=2z ; (8)

where k ¼ 2p=k is the wave number of the carrier frequency of the
beam. On combining Eqs. (1), (7), and (8) and regrouping the expo-
nential terms, we arrive at the expression35

Wðr; zÞ ¼ eikr
2=2z
X1
n¼0

tne
�ikr2n=2zuðrn; zÞ; (9)

where rn ¼ r� knz=k in which knz=k is a position vector of the cen-
ter of the nth diffraction order so that rn can be regarded as the posi-
tion vector in the coordinates transformed to the center of the nth
diffraction order. We can also write rn ¼ ðrn cosun; rn sinunÞ by con-
sidering rn ¼ jrnj ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2n þ y2n

p
and un ¼ tan�1 yn

xn

� �
as polar coordi-

nates around the center of nth diffraction order.
If the source generates shape-invariant beams, Eq. (9) describes a

superposition of shifted, scaled replicas of the source field weighed with
quadratic phase factors. It follows that when an APS is illuminated by a
self-similar optical beam, the diffraction orders can, under certain cir-
cumstances, precisely replicate the incident beam. In other words, over
sufficiently long distances from the APS, where distinct diffraction
orders separate, we can realize an array of nearly perfect replicas of the
incident beam. Moreover, the shape of the array can be engineered with
the APSs as well. Similarly, we can achieve the same array in a scaled
version at the focal plane of a lens by placing the lens after the structure.

As an example, we consider a pure amplitude 2N-gonal APS hav-
ing components with sinusoidal profiles presented by Eq. (6). In this
case, on substituting t0 ¼ 1=2; tn ¼ ð4NÞ�1 for 1 � n � 2N , and
tn¼ 0 otherwise into Eq. (9), we obtain in polar coordinates ðr; hÞ the
expression

Wðr; zÞ ¼ 1
2
uðr; zÞ þ e�2ipz=zT

4N

X2N
n¼1

e2ip�r cos h�hnð Þuðrn; zÞ; (10)

where zT ¼ 2K2=k denotes the Talbot distance of the structure. We
now specify to the incident LG beams. In polar coordinates, the field of
an LG beam at z¼ 0 can be expressed as39

uðr; 0Þ / r
w0

� �jlj
e
� r2

w2
0
þilu

Ljljp
2r2

w2
0

 !
; (11)

where l and w0 indicate the topological charge and width of the beam
at the waist, respectively. Further, LjljP denotes an associated Laguerre
polynomial, and p is the radial index of the beam. Upon propagation
over the distance z in free space, the field is well known to remain
shape-invariant such that39

uðr; zÞ / glpðzÞei
kr2

2qðzÞþlu
� �

r
wðzÞ
� �jlj

Ljljp
2r2

w2ðzÞ

 !
; (12)

where glpðzÞ, q(z), and w(z) have been defined in Eqs. (11)–(14) of Ref.
40. Suppose an APS with a transmittance indicated by Eq. (6) is illumi-
nated by the LG beam. We can then determine the diffracted light field
at the distance z from the APS with the aid of Eqs. (10) and (12).

We now discuss our experimental realization of the LG array. In
Fig. 3, we sketch our experimental setup for the implementation of LG
beam arrays of variables l and p. We use different amplitude fork gra-
tings with almost binary profiles to generate different LG beams. We
illuminate the fork grating of given charge and radial index with a
Gaussian beam produced by a neodymium-doped yttrium aluminum

FIG. 2. Power transmittance of pure amplitude 2N-gonal APSs in terms of N (left column). Total power fraction of the impulses distributed over the circle circumference, Pcircle,
relative to the transmitted power (middle column) and relative to the incident power (right column).

FIG. 3. Experimental setup for generating and multiplying LG beams using different
amplitude fork gratings and pure amplitude 2 N-gonal APSs. S.F. stands for a spa-
tial filter.
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garnet (ND:YAG) diode-pumped laser of wavelength k ¼ 532nm. The
left inset in the figure panels shows a typical amplitude fork grating
pattern. The generated LG beam then passes through a pure amplitude
2N-gonal APS. The right inset in the figure panels shows a typical pure
amplitude 2N-gonal APS. We employ a camera (Nikon D7200) to cap-
ture the diffracted pattern with precision and record it directly onto
the camera sensor. To obtain a high-resolution and aberration-free
image of the diffraction pattern, we remove the imaging lens of the
camera and record the pattern directly onto the camera sensor.

In Figs. 4 and 5 (Multimedia views), we observe good agreement
between our theoretical predictions and experimental patterns (red
and green, respectively). As expected, the realized arrays contain
2N þ 1 LG modes, comprising a more powerful central mode and 2N
modes, all with the same field structure, arranged in a circular pattern
around the origin of the center (see also the background Visualizations
1–8 “Multimedia view”). In Fig. 2, we compare the actual and theoreti-
cally predicted power ratios of the diffraction orders. Notably, in the
third column of Fig. 2, for N¼ 4, we experimentally measured the ratio
of Pcircle to Pin as 10%. This implies that the power share for each mul-
tiplied vortex beam amounts to 1.25% of the incident beam power.
Remarkably, this power share exceeds the theoretically expected value.
Additionally, it significantly surpasses what would be achieved using
an SLM instead of an APS.

We encounter an intriguing phenomenon: the side orders carry
more power than initially expected. This unexpected behavior may be
attributed to the non-sinusoidal nature of the transmittance profiles

within the structures. The theoretical predictions were based on the
assumption that the APSs exhibit sinusoidal profiles. However, upon
closer examination of the printed patterns, we observe that they tend
to resemble binary-like transmission patterns. This discrepancy arises
due to the inherent nature of the fabricated structures. Specifically, the
binary-like transmission patterns lead to a more balanced power distri-
bution between the zeroth and first diffraction orders. Unlike the ideal-
ized sinusoidal profiles, which tend to favor the zeroth order, our
printed patterns feature a fairly even power distribution among these
orders. Consequently, the measured amplitudes of the surrounding
spots are significantly higher than anticipated.

In conclusion, we have developed a general method for generat-
ing arrays of shape-invariant optical vortex beams with the aid of dif-
fraction gratings. We have implemented the method to realize a set of
vortex carrying LG beams on a circular array employing pure ampli-
tude 2N-gonal APSs. In our approach, we eliminate the need for SLMs
both during vortex beam generation and multiplication. Instead, we
employ different amplitude fork gratings to create the impinging vor-
tex beams, which subsequently diffracts from pure amplitude APSs.
Notably, the fork and APS structures can be conveniently printed on
sheet plastic plates, making our approach straightforward, cost-
efficient, and user-friendly. While SLMs offer precise control over opti-
cal beam properties, their diffraction efficiency remains a challenge
due to the inherent characteristics of their 2D periodic structure. These
methods are often expensive due to complex construction require-
ments. Moreover, working with SLMs can be intricate, necessitating

FIG. 4. Theoretical and experimental
results for generated LG beam arrays with
p¼ 0 and variable l by pure amplitude
2N-gonal APSs with adjustable N. The
odd rows show experimental results, while
the even ones exhibit our theoretical pre-
dictions. Multimedia available online.
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computer systems for operation. Indeed, consider the intensity effi-
ciency of an SLM illuminated by a plane wave. Even without shaping
the amplitude and phase of an optical field, the 2D periodic structure
results in each diffraction order receiving less than 1% of the incident
beam power. If we, in addition, impose a phase/amplitude onto the
field with the SLM, the transmitted power redistributes among desired
secondary diffracted orders. Unfortunately, this re-sharing leads to a
very low intensity in the desired diffraction orders. Researchers then
face a formidable challenge of enhancing the power share in the
desired diffraction order, especially if the SLM is employed to realize
multi-particle traps. Our method offers a practical alternative, bypass-
ing SLM complexities and providing an accessible solution for vortex
beam manipulation. Our technique has potential for a number of
applications, including optical communications, optical tweezing,
multi-particle trapping, screening, and micro-manipulation. The appli-
cation of the presented protocol to multiple particle trapping that
simultaneously imparts spinning and two distinct orbital rotations to
the particles, and the investigation of near-field diffraction of LG
beams from APSs are in progress. We illustrate some preliminary
results in Fig. 5 background Visualizations 7 and 8, where the dif-
fracted light is simultaneously focused by a thin lens.
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